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1. I n t r o d u c t i o n  

The problem of constructing smooth maps on manifolds with no equivalent a- 

finite invariant measur e equivalent to the Riemannian measure has a long history. 

The map is called t y p e  HI (with respect to the measure) in this case. We describe 

briefly the history of the problem of constructing type III  maps on manifolds with 

respect to Lebesgue measure. 

Ornstein was the first to construct a type III  invertible map [24]; it is a contin- 

uous interval map. There are by now many examples of type III  diffeomorphisms, 

the earliest constructions being C ~ circle diffeomorphisms [13, 16, 17]. In [12] 

a noninvertible C ~ type III  map of the torus is given. None of these examples 

is expanding; indeed there are obstructions to finding smooth expanding type 

I I I  maps. This fact is illustrated by a result by Krzyzewski and Szlenk [20], 

stating that  every expanding C 2 transformation on a compact manifold carries 

an absolutely continuous invariant probability measure (acip). 

Later, several authors obtained the same result while weakening the C 2 as- 

sumption for expanding maps, for example [6, 23, 27]. In each of these papers 

the map was assumed to be C 1 and to satisfy an additional condition on the 

derivative (H51der, bounded variation etc.). In the C 1 expanding case examples 

have been constructed which admit no finite absolutely continuous measures [7]; 

however the existence of an infinite a-finite invariant measure is not excluded. In 

addition, many examples of noninvertible C ~ maps, for instance quadratic maps 

on the interval, with infinite a-finite invariant measures have been found, e.g. 

[2, 14]. 

In this paper we construct ergodic type III  maps of manifolds which are C 1 

and expanding. Questions on the Lebesgue ergodicity of C 1 expanding maps 

have been addressed by Quas [25] and references therein. We prove the following 

theorems. 

THEOREM 1.1: There exist maps f for which there is no a-finite invariant 

measure equivalent to Lebesgue. f can be constructed to satisfy one of  the 

following sets of properties. 

�9 f is a C 1 expanding circle map of degree d _> 2. 

�9 f is an interval map topologically conjugate to the full tent map T2, and 

f is either C 1, or C 1 and expanding on both branches separately. 

�9 f is an interval map topologically conjugate to the tent map with slope a, 

for any a C (1, 2] such that the critical point has a nowhere dense orbit. 
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THEOREM 1.2: There exists an ergodic type III Borel measure v on Coo with 
respect to the rational m a p  R(z)  = ((z 2 + 1)2) / (4z(z  2 - 1)). 

We use a cons t ruc t ion  of Hamach i  [9] of a type  IIl shift m a p  with  a p roduc t  

measure  to prove our ma in  result. This  gives us in a na tura l  way a type  III 
measure  for the angle doubling m a p  on the circle which is the  basis for our 

smoo th  examples .  

I t  is known tha t  for noninvert ible maps,  equivalent measures  can exhibi t  

different recurrence propert ies .  Given a nonsingular  ergodic endomorph i sm 

(X, B, p, T) ,  # ( X )  = 1, the  (global) Radon-Nikod~m derivat ive of T,  denoted 

~vv, is defined to be  the unique T - 1 B - m e a s u r a b l e  function satisfying 

I x  f o T . w z d #  = I x  fd#  for all f C LI(X,#) .  

T h e  higher derivat ives are defined for each n c N by w~(n,x) ~,~-1 ,T  i = 11i=0 w~( x). 
The  measure  p is said to be r e c u r r e n t  fo r  T if 

= , - a . e .  

72 

In the  invertible case, all measures  are recurrent .  For noninvert ible  maps ,  non- 

recurrent  measures  equivalent  to recurrent  ones are known to exist [5]. In gen- 

eral it is difficult to de te rmine  whether  a given ergodic measure  is recurrent;  an 

invariant  measure  p is always recurrent  since w, (x )  = 1 in this case. In a non- 

invertible system,  if the  measure  is known to be  recurrent ,  all exist ing invariants  

for invertible sys tems (e.g. rat io sets and coboundary  Radon-Nikod:~rn deriva- 

tives) can be used to detect  the  existence or absence of an equivalen t invariant  

measure  [12]. W h e n  the measure  is nonrecurrent  none of the noninvert ible  tests  

are valid. Fur thermore ,  nonrecurrent  measures  provide obstacles to obta in ing  a 

conservat ive na tura l  extension, even if the original m a p  has an acip [28]. 

Let  Ta be the  tent  m a p  on [0, 1] with constant  slope a. For 1 < a < 2, Ta is 

known to admi t  an acip (e.g. [21]). We prove the following theorem.  

THEOREM 1.3: There are only two values of a E (1, 2], namely v/2 and 2, for 
which Lebesgue measure is recurrent. 

T h e  pape r  is organized as follows: after  some definitions and notat ions ,  we 

prove the nonrecurrence  of Lebesgue measure  for tent  maps  in Section 3. In 

Section 4, we briefly discuss Hamach i ' s  construct ion on the shift space. In the 

next  two sections we app ly  his const ruct ion to obta in  our results  for circle and  

interval  maps .  In the last  section we focus on higher dimensional  general izat ions.  
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2. P r e l i m i n a r i e s  

Throughout  this paper  we will only consider measurable nonsingular transfor- 

mations T of Lebesgue spaces X,  where X is usually a manifold, endowed with 

the or-algebra of Borel sets, denoted B, and a Lebesgue measure # on B which 

is e-finite. These assumptions on T mean that  for all A E B, T - I ( A )  E B, and 

#(A) = 0 if and only if # T - I ( A )  = 0. By replacing T by an isomorphic copy if 

necessary, we also assume that  T is forward measurable and nonsingular; i.e., for 

all A C B, T(A) C 13, and #(A) = 0 if and only if #T(A) = 0 [26]. Under these 

assumptions T will always be surjective as well with respect to #. 

Definition 2.1: Let (X,B,#) be a Lebesgue measure space with # a finite 

measure. We say that  T is a b o u n d e d - t o - o n e  e n d o m o r p h i s m  of X if there 

exists a measurable partition P = {A1, . . . ,An}  of X such that  #(A~) > O, 

TIA~ ---- Ti is one-to-one, T1 is one-to-one and onto X,  and each Ai is maximal 

with respect to # in X \ Uj<i Aj. 

Definition 2.2: T is c o n s e r v a t i v e  (with respect to #) if for every A E B of 

positive measure, there exists an m E N such that  # (T- '~ (A)  A A) > 0. T is 

e r g o d i c  (with respect to #) if for every A C B such that  T - I ( A )  = A, we have 

#(A) = 0 or # ( X  \ A )  = 0. 

Definition 2.3 (The Jacobian and the Radon-Nikod~m derivative): Given a non- 

singular bounded-to-one endomorphism (X, B, #; T), for each x C Ai let 

J.T(x)  = d#Ti (x) 
d# "" 

We set J.T(x)  = 0 for all x E X \ Ui Ai. This is called the J a c o b i a n  of T with 

respect to #. 

The (global) R a d o n - N i k o d : ~ m  d e r i v a t i v e  of T, denoted ~o~, is defined to 

be the unique T-1B-measurable  function satisfying 

fxfoT'wud#=fxfd# f o r a l l f E L l ( X , # ) .  

The higher derivatives are defined for each n E N by w~(n,x) n-1 = 11i=0 wt'(Tix) �9 
The measure # is said to be r e c u r r e n t  for  T if 

~ . ( n , x )  = o~ . - a . e .  
n 
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We have the following easily verified identity linking the two types of 

derivatives: 

(1) coax) = 1 
ue rx J ,T(y )  

When T is invertible, all measures are recurrent and the Jacobian and the Radon-  

Nikod3~m derivative are the same function. It  is an open problem as to whether 

every endomorphism admits an equivalent recurrent measure. In general it is 

difficult to determine whether a given ergodic measure is recurrent; an invariant 

measure # is always recurrent since co,(x) =- 1 in this case. 

The following theorem represents a compilation of results. 

PROPOSITION 2.1 (cf. [28]): Suppose T is countable-to-one and preserves a 

a-finite measure v equivalent to #, then the following are equivalent: 

1. # is recurrent; 

2. r = d~/d# is a T-1B-measurable density function; 

3. co~ is a coboundary; i.e., co, = 0-~ #-a.e. 

Proof: (3) ~ (2): Since by definition oJ, is T- iB-measurable ,  so is the quotient 

r Obviously r o T is T -1 B-measurable, so the product of w~ with r o T, which CoT" 

is r is T-1B-measurable  as well. (2) ~ (3) follows since co, = 1 and 

w~ C o T  

co, E(r ' 

where E(.IA ) denotes the usual conditional expectation onto A C B. (3) ~ (1) 

since coboundaries are easily shown to be recurrent (see [11]). (1) ~ (3) is proved 

in [28]. 1 

Definition 2.4: Let T be an endomorphism of a Lebesgue space (X, B, it) such 

that  # is ergodic, conservative, and nonsingular. We call tt a t y p e / / 1  m e a s u r e  

for  T if it is absolutely continuous with respect to some invariant probability 

measure. When X is a Riemannian manifold, and # is an invariant probability 

measure which is absolutely continuous with respect to the volume form, then 

we call # an acip .  We call tt a t y p e  III m e a s u r e  for  T or we say T is a t y p e  

III endomorphism if T admits no a-finite invariant measure equivalent to #. 

In this paper  many examples deal with unimodal maps. A map f :  I -4 I ,  

I = [0, 1], is called u n i m o d a l ,  if there exists a unique point, c, the c r i t i ca l  po in t ,  

such that  f[i0,c) is increasing and f](c,l] is decreasing. We write cn := fn(c). The 

forward orbit of a point x is denoted as orb(x). A unimodal map is onto on the 
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d y n a m i c a l  core ,  i.e. the interval [c2, C1]- Therefore we will always restrict to 

this interval. A unimodal map f is bounded-to-one; Definition 2.1 is satisfied 

by taking A1 -- (c,c~] and A2 = [e2,c). For x ~ c, let the s y m m e t r i c  po in t  

be the point such that 2 ~ x and f (x)  = f(5:). Restricted to the dynamical 

core, ~ is only defined if x E [c2, ~2] \{c} .  We call a Radon-Nikod);m g derivative 

s y m m e t r i c  if g(x) = g(2) for all x E [c2, ~2] \{c}.  

It can happen that there exists an interval J 9 c, J ~ [e2,cl], such that 

f n ( j )  C J for some n > 1. In this case f is called r en o rm a l i zab l e .  Take J 

maximal and n minimal with these properties. Then J is called a r e s t r i c t i v e  

or p e r i o d i c  interval of period n. An appropriate affine rescaling of fn[ j ,  called 

the r e n o r m a l i z a t i o n ,  is again a nnimodal map, which can be renormalizable or 

not. Therefore we can distinguish between infinitely renormalizable and finitely 

renormalizable maps. In the latter case, the deepest, i.e. the last renormalization, 

is itself nonrenormalizable. 

3. N o n - r e c u r r e n t  m e a s u r e s  

In this section we consider the family of tent maps on I, defined by 

Ta(X) = ax if x _< 5, 
1 a ( 1 - x )  if x_> 5, 

and we take the slope a E (1, 2]. T2 is the full t e n t  map.  The critical point is 

1 and the interval [T~(c), Ta(c)] = [ ( 2 -  a)a/2, a/2] is the dynamical core. It 

is easily verified that Ta is renormalizable (of period 2) if and only if a _< ~/2. The 

renormalization is the tent map with slope a S. Therefore T~ is at most finitely 

renormalizable for a > 1. We put the normal Borel structure on the dynamical 

core, and let m~ be the normalized Lebesgue measure on it. In this setting T~ is 

bounded-to-one, and the partition s = {(c, cl], [c2, c)} generates the ~-algebra of 

Borel sets under Ta. Ta is clearly nonsingular. It is well known that T~ is ergodic 

with respect to m~, and also conservative, provided it is nonrenormalizable. 

We can compute wm~ (x) explicitly from equation (1). At points where the map 

T~ is one-to-one, (i.e. x = Tg-IT~x) we have wm~ (x) = a; at the points where Ta 

is two-to-one, (i.e. {z,:~} = T~-ITax, x r 5) we have wm~(x) -- a/2. We do not 

define w~o (c). We compute the higher derivatives to be 

Wmo (n, x) = an2 -~(~'x), 

where 

r(n ,x)  = #{0  < i < n;T~ is two-to-one at Ti(x)}. 
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Since Ta admits  an ergodic acip va ~ m~, it follows tha t  

lim r ( n , x )  exists and is constant  b,a-a.e. 
n---r cx~ r t  

Define the sequence 0, E { - 1 ,  1} N as follows: 

0 n =  ~ 1 if # { 2 < i < n ; c i >  1 } i s e v e n ,  

t -1  if #{2  < i < n;c~ > l} is odd. 

We have the following theorem describing the density of v~: 

THEOREM 3.1 ([3]): The Radon-Nikod~m derivative 

O. 
a 0, 

d i p  a 

dr a (x )  = --  
n > l  

Cn+ 1 < X < C l  

We use this result to prove the following: 

THEOREM 3.2: There are only two values of a such that Ta has a symmetric 

density function for v~. Hence Lebesgue measure is not recurrent for tent maps, 

except for the slopes a = 2 and a = x/~. 

Proof: We divide the proof  into two steps. First we claim tha t  the set o r ~ c )  

is not T~-lB-measurable,  unless a = 2 or a = v~.  Indeed, suppose it were, then 

8,~ E orb(c) for every m C N. So there exists n such that  cn = 6m. In particular,  

i f a  # 2, there exists n > 2 such that  cn = 82. Then  c,~+1 = c3, whence c3 is 

n - 2-periodic. Sett ing n = 3, we see that  this can occur with c3 a fixed point. 

In this case orb(c) = {Cl,C2, c3 = 62} is indeed symmetric.  This is met when 

a = v~.  Using Theorem 3.1, one Call show that  alVa~alma is constant  on (c2,62) 

for bo th  a = v ~  and a = 2. Hence by Proposi t ion 2.1, #a is recurrent. We show 

tha t  nothing else can occur. 

I f n  > 3, then c,~ # c2. If c3 ~ [c2,c2], then c3 = (2 -a)a2 /2  > 1 ( 2 - 2 a + a 2 )  = 

~2. This in tu rn  implies tha t  a3-a2-2a+2 < 0, which is impossible for a > v/-2. If 

a < v~ ,  then T~ is renormalizable: T~([c2, c2]) C [c2,62] and [c2,6~] n [c3, eli = 0. 

Now c4 E (c2,~2), and c4 = cn, for some n I > 4. But  this is impossible because 

c3 is periodic. The  remaining possibility is c3 E (c2, ~2), but  then also d3 = c,~, 

for some n '  > 3. This again is impossible because c3 is periodic. 

In the second step of the proof we show tha t  ~o is not a symmetr ic  density 

if orb(c) is not  symmetric .  Let c~ be such tha t  cm ~t orb(c), but  exists. The  

function 
0 ,  

,p(z) = ~ a- ~ 
n > ]  

C n + l < Z < C l  
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clearly has a discontinuity at c,~, with a jump of size 1/a  m-1.  Choose k satisfying 

1 a 1 
ak a _  1 < a m = : C ,  

and choose neighbourhoods U ofcm and U of~.~ such that ci ~ Ut2U for all i _< k. 

Then it follows that supz,yeU ] ~ ( x ) -  ~(Y)I > c, while supz,ye5 I ~ ( x ) -  ~(Y)I -< ~. 

Hence ~ cannot be symmetric. This concludes the proof of the theorem. | 

Remark:  A similar situation may hold for differentiable families, and in 

particular the quadratic family fb(x)  = bx(1 - x) .  For the full quadratic map, 

i.e. b = 4, the invariant density is known to be 

which is clearly symmetric. For b = 3.67857..., the parameter value correspond- 

ing to the tent map with slope v~, the density is not symmetric, see [8]. Therefore 

Lebesgue measure is nonrecurrent for this value. 

For all other values of b e [0, 4] such that fb has an acip, we expect Lebesgue 

measure to be nonrecurrent. We outline why this should be true. Using the same 

proof as for the tent maps, we can show that the critical orbit is not symmetric. 

If an acip exists, its density function will have a pole at every forward image of 

c, cf. [18]. For example, if fb additionally satisfies the Collet Eckmann condition 

(i.e. lim infn s log D f n ( c l )  > 0), the density has the form 
n 

d l~  b I 

i>1 

for some )~ E (0, 1) and a function g of bounded variation (see [19]). Whenever the 

closure of the critical orbit is nonsymmetric, this density is clearly nonsymmetric. 

4. H a m a c h i  m e a s u r e  

The starting point for all the constructions in this paper is an example of Hamachi 

from 1981 [9]. He constructed a measure # for the two-sided shift space X = 

{0, 1} z with the usual Borel structure with the following properties. 

THEOREM 4.1 ([9]): There  exists  a Bore1 measure a for the  shif t  a on X -- 

{0, 1} z such that: 

1. a is a produc t  measure on X ;  

2. a is nonsingular, conservative, and ergodic for or; 

3. a is a t ype  I I I  measure  for a. 
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Later it was shown by Dajani and Hawkins that a one-sided version of Hamachi 

measure gives a type 11lone-s ided  shift [4]. This observation about the Hamachi 

measure was also made independently by Silva and Thieullen [28]. We state the 

precise result since it is the basic measure on which further constructions are 

based. 

COROLLARY 4.1 ([4]): There exis ts  a Borel  measure  for the sh i f t  on X + = 

{0, 1} N such  that:  

1. c~ is a p r o d u c t  measure on X + ; 

2. a is nonsingular ,  conservat ive ,  and ergodic for a; 

3. a is recurrent  for ~; 

4. a is a t y p e  I I I  measure  for a. 

We give a brief description of the type I I I  measure of Hamachi here. 

4.1 A DESCRIPTION OF THE HAMACHI PRODUCT MEASURE. We define the 

measure a to be of the form a -- I]n_>l an by specifying each factor measure a,~. 

We begin by defining some measures on the 2-point set {0, 1}: 

1 1. We denote by/3 the equally distributed measure/3(0) =/3(1) = 5" If we 

put the measure/3 on each factor of X +, we will denote this Bernoulli 

measure by/3. 

2. For a sequence ~k such that h I ) /~2"'" ) 1 (to be chosen by induction 

later), we define a measure 7k(0) = 1/(1 + Ak) and ~k(1) = Ak/(1 + Ak). 

We will define sequences of integers {Mk}k>l, {Nk}k>_l, satisfying: Ma > 1 is 

arbitrary, also N1 > M1 is arbitrary, and Nk = M k  + nk,  M k + l  = N k  + 7rtk. 

Here, nk and mk are positive integers chosen inductively, with the inductive step 

outlined below. 

We then define 
/3 i f 0 < n _ < M 1 ,  

an = 3'k if Mk < n _< Nk, 

if g k < 7~ < M k  + 1 . 

As was shown in [15], the measure # is nonsingular for the shift if and only if 

(3<) 

(2) ~ ( l o g A k )  2 < oc. 

k=l 

For later purposes we will choose the )~k's such that I-[k~__l Ak < 1.1. Clearly 

formula (2) is still satisfied. We add another condition on the choice of ~k in the 

inductive step. 
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Hamachi gives an inductive algorithm for choosing the sequence 

(Ak, nk, ink)k>1 so that the shift is nonsingular, ergodic, and type lII with respect 

to a. Since we will modify the measure later, we will outline the inductive steep, 

omitting the details since they are careflfily written out in [9]. 

A. Starting the inductive argument: We choose A1 > 1 to be arbitrary; also 

nl E N is arbitrary (greater than 1) and rnl C N is any number such that 

m l  > n l  -~- 1. Choose any decreasing sequences of positive nmnbers {Pk} and 

{~k}, k k 1, sud~ that 

1. As k --+ ,~, Pk ~ 0 and e --+ 0; 

2. oc 
E k = l  P k  ~ OC; 

OO 3. ~ k = l  ek < oo; 

OO 

4. Define r/k = ~t=k  ct (the tail of the ek series). 

B. The inductive choice of Ak in order to introduce the distortion from the ( �89 e! ) 

measure/):  Keeping in mind that if Ak = 1 for all k, then we have the/3 measure 

on each factor, and preserving the nonsingularity condition given by formula (2), 

we choose 1 < ~k < )~k-l SO that 

~Mk-i (2Ak/1 + Ak) M~-~ < "'k < e~k 

We also choose Pk > 0 such that 

1 < (A1) 2M~-' < (Ak) p~. 

C. The inductive choice of nk, tile integer which determines how long we must 

distort the measure by Ak: We consider for tile moment all possible cylinders of 

length Nk = Mk + nk; and we note that the measure of all such cylinders with 

exactly t l 's  occurring somewhere between Mk and Nk is given by the binomial 

distribution formula 

fk(t) = ~1 +,~k]  \ l + ~ k ]  ' 

t = 0, 1 , . . . ,  nk. We choose nk large enough so that fk(t) is the "correct size for 

enough of the t's enough of the time" in order to reflect the fact that we have 

changed from the (1, �89 measure to the (Y~-2' l+x~) measure. In particular, if 

we solve for Ck > 0 so that 

e(-'~2 /2) ds = Pk, 
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then we apply the Central Limit Theorem and choose nk large enough so that  

pk 
fk(t)  > - - .  

4 
t _  J2-k2~ I 1+;~ k 1< 1+), k -2Ok 

D. The inductive choice ofrnk,  the integer which determines how long we must 

spend back at the ~ measure for conservativity: There are two conditions that  

determine our choice at this step. We choose mk large enough so that  

Xke2~k+1A31Nk Ck 

mk - Nk 2 

This maintains conservativity of a; but in addition, in order to ensure that  the 

product measure c~ is of type HI (and not just equivalent to an infinite invariant 

measure), we need to choose mk large enough so that  we can obtain some correct 

Birkhoff Ergodic Theorem averages with respect to the measure r on most of the 

space X + (on a set of r measure > 1 - Ek) for certain real-valued functions. We 

refer the reader to [9] for the details of this inductive step. 

For the invertible shift, the measure is extended to the negative indices by 

setting c~ = fl if n _< 0. We will call the original two-sided measure constructed 

by Hamachi &, and it is easy to show that  the noninvertible measure c~ constructed 

above satisfies 

d~a i 
d& ( . . . , x - l , x o , x ) - - w ~ ( i , x )  f o r a l l x E X  +, and x j e { 0 , 1 } ,  j _<0 .  

The choice of mk will insure that  

o o  ^ i 
d o t o -  

= 

i=0 

for the invertible shift, giving conservativity, and for the noninvertible one we 

have 
o o  

i=0 

Therefore a constructed in this way is a recurrent measure. 

De~nition 4.1: We wilt call the measure (~ constructed in this way, using [9], the 

H a m a c h i  (type II1) m e a s u r e .  

4.2 SOME VARIATIONS ON THE HAMACHI MEASURE. Given 

X+ = H { 0 , 1 , . . . , 2 d -  1},~, 
nEN 
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we define a p roduc t  measure ad closely related to the Hamachi measure on X + 

as follows. 

Choose any positive numbers  Pl,. �9 �9 Pd and q l , . . . ,  qd such that  

d d 
1 

E P k = E q k = ~  �9 
k=l  k=l  

Since the Borel s t ructure  on Xd + is generated by cylinders, we define o~ d by 

specifying its values on cylinder sets. We note first tha t  the Pi'S and qi's determine 

a measure on X + by 

P =  I I  P~, 
n G N  

with 

P,~(0) = p l ,  Pn(1) = p 2 ,  . . . ,  P n ( d -  1) = p d ,  

P~(d)=q , ,  . . . ,  P ~ ( 2 d - 1 ) = q d  

for each n E N. The measure P is a Bernoulli measure preserved by the shift a, 

so u p ( x )  = 1 for all x E X +.  Each cylinder C~ 1 ....... of length n lies in a dyadic 

cylinder of length n, by recoding each ek into a 0 if 0 < ek < d or as a 1 if 

d _< ek < 2d. We denote the coding map from 2d symbols to 2 symbols by 7r; ~r 

is defined pointwise in the obvious way. We now define 

o,(*-C~i...~,,) 
Old(Ce l . . . c~  ) P(c~.,...~o)~(~Q ..... ), 

where a is the I tamachi  measure constructed above and ~ is the (1, �89 Bernoulli 

measure. Wi th  this definition, we have linearly rescaled the Hamaehi measure to 

any even number  of states, so tha t  ad = P �9 ~ o ~. 

Lett ing ak denote the shift on the k-symbol space, we have the following lemma. 

LEMMA 4.1: The Radon Nikodym derivative wad(x) for a2d equals w~(Trx) 

[ o r  (7 2 . 

Proof: We note tha t  since J~ea2d(X) = }JPd2d(X),Iao'2(Trx), then it is easy to 

compute  tha t  )1 
1 = w~ (Trx). | 

~ = J ~ c ~ 2 d ( y )  
yEc~2d a2dx 
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Remark: Choose any two sequences of positive numbers  {Pk} and {qk} such 

that  
oo oo 1 

Epk--  F qJ = 
k = l  j = l  

The  pk's  and qj's determine a probabili ty measure on 

O0 

X + = l - I { 0 ,  1 , . . . , 2k ,2k  + 1 , . . . In  
n=0  

by P = l-]n>1 t~ ,  with P~(2k) = Pk, P,~(2k + 1) = qk, for each k _> 0 for each n. 

We define a factor map rr from X + onto the dyadic X + above by 

7r(x) = (x, (mod 2), x2 (mod 2 ) , . . . ,  ). 

We can consider the usual one-sided shift map aN oil XN +. If we define the 

measure 

= P(C , 
' 

where a is Hamachi  measure and Ce, ..... is any cylinder of length n, then 
= 

5 .  H a m a c h i  m e a s u r e  f o r  c i r c l e  m a p s  

In this section we construct  the basic differentiable example, on which the other 

examples are built. A map f on a metric space X (endowed with metric p) is 

called e x p a n d i n g  if there exists C > 1 such that  p( f (x ) ,  f ( y ) )  > Cp(x,  y) for atl 

x, y c  X .  

THEOREM 5. l :  There exists a C 1 expanding circle map which is type III with 

respect to Lebesgue measure m. Furthermore, m is recurrent for this map. 

Proof: Let S: S 1 -~ S 1, S 1 -~ R / Z ,  be the ordinary angle doubling map: 

x ~-+ 2x(mod 1). S preserves Lebesgue measure m. Let a be Hamachi  measure 

on ~, : {{}, 1} N. Because (E , a )  is measure-theoretically isomorphic to (S1,S) ,  

S is type III  with respect to the measure # which is induced by a.  We fix an 

orientat ion on S 1, and define h: S 1 -+ S 1 as h(x) = #([0,x)) .  As/~ is nonatomic  

and its suppor t  is the whole circle, h is indeed a homeomorphism,  and the measure 

# o h -1 is Lebesgue measure. Therefore f :=  h o S o h -1 is a type HI circle map  

with respect to Lebesgue measure. We will analyze h in detail to show tha t  f can 

be a Lipschitz map.  Using a slight per turbat ion  of h, we can obtain an expanding 

C 1 map  which is type  III  with respect to Lebesgue measure. 
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L e t  {Mk}k>l ,  {Nk}k>_l,  1 < M k  < Nk  < M k + l  < N k + l "  ", and {)~k}k>l, 

)~1 > )~2 > " �9 > 1, be the sequences appearing in the construct ion of the Hamachi  

11 Let e = {ek} be a sequence of product  measure.  Recall tha t  1-[k Ak < ]-6. 

nonnegat ive reals. If ek -- 0, then the construct ion below yields h ( x )  =/*([0,  x)).  

Otherwise we will choose r > 0 inductively (with el = 0.1 and ek "N 0) to obtain 

a C 1 degree 2 circle map f~ = he o S o  h~ -1. For each k E N and 77 C ( _ 1 ,  _1)2 let 

ek,n (satisfying ~bk,~(0) = 0) be the map with a piecewise linear derivative: 

Then  

1 + z__ I _ A  ~ 
2 ek l+Ak 

Dek , ,7 (x )  = 1 - 
X - -  -~ - -  T I 1-- lk~ 

ek l+Ak 
2/Xk 

l+)~k 
1 + ~ - 1  1 - : ~  

r l+$k 

if x ~ [0, ek), 
1 if x C [ek, ~ + r / -  ek], 

1 i f x  E (�89 + r l -  ek, ~ + ~ + ek), 

i f x E [ � 8 9 2 4 7  l - - e k ] ,  

if X e (1 -- ek, 1]. 

~o ~ 1 - Ak D e k , , 7 ( x ) d x  = 1 + 2r/1 + A-----7' 

and ek,n(I)  = I if r / =  0. Moreover, Dek,~(0) = D~bk,n(1) = 1. This is necessary 

to glue these maps together  and still have a C 1 diffeomorphism. 

Let  C~2. . . e  ~ C S 1 be an n-cylinder, labelled by the first n coordinates of 

its i t inerary: Co = [0,�89 C1 = [�89 C01 = [�88189 and so on. Therefore  

S 1 = UeleT..ene{O,1}n Cele2...en. Define ha a s  follows: 

�9 If n < M1 or N k  < n <_ M k + l  for some k, then hn is the identity. 

, If M k  < n <_ N k  for some k, then hn is made up of 2 =-1 scalings of ek,m 

Let ~ = hn-1 o .- .  o h i ( ( ) ,  where ( is the midpoint  of Cel...~_~. Let  

~ - x  1 
[x , y )  = h n _ l  o . . . o h l (C~  1 . . . . . .  ,) and ~/ , , -  

y - x  2 

(Note tha t  if ek = 0, hn-1 o . . .  o hl is linear on Cel...e,,_l and r/n = 0.) Let 

hn(0) = 0, and assuming inductively tha t  h,~ is defined on the cylinder 

[x', y ' )  to the left of [x, y.), we define for z C [x, y) 

(3) hn(z) = z'Ay'lim ftn(z') + (y - x)~bk,n= ( T Z - ~ )  . z  - x 

Finally let h n ( z )  = tnhn(z), where t,, > 0 is such tha t  tn f l  Dhn(z)dz = 1. 

Let Hn = h n o . . . O h l  and he = l imnHn.  We will see below tha t  tn --+ 1 

exponentially.  This  will imply tha t  limn Hn exists pointwise. Define also fn = 
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H~ o S o H~ -1. We need to show that for {ek} well chosen, {f~} is a convergent 

sequence in the C 1 topology. 

Suppose that  we have chosen ez for l < k and take Mk < n <_ Nk .  Let us first 

derive some estimates for D f N k  which hold if ~k ---- 0. Then we choose the value 

of ek for the inductive step in formula (4) using a continuity argument. 

By the r e l a t i v e  d i s p l a c e m e n t  of a point c E (a, b) d u e  to  a homeomorphism 

h we mean 
h(c) - h(a)  c - a 

h(b) - h(a)  b - a" 

Each number r]~ measures the relative displacement of the midpoint of (one of 

the) Cel...e~_l due to H~-I .  We estimate ~ under the temporary assumption 

ek = 0. We only have to consider hm for m _< Nk-1, since for all Nk-1 < m < n, 

the homeomorphisms h,~ are piecewise aifine on Hm-I(C~. . .~ ,~_ , )  for Nk-1 < 

m < n. For m < Nk-1, the interval Hm-I(C~, . .~_~)  is exponentially small 

compared to Hm_I(C~I.. .~.~_ ~). Indeed, because the distortions 

sup Dhl  < 6 for all l E N 
infDhz - 5 

and 
Mk 

- - > > 1 ,  
Nk-1 

IHm_l(Cel.. .~_l)l < 1.9-( '~-m)lHm_l(C~, . . .~m_~) I. Hence the relative displace- 

ment of any c C H m - I ( C ~  1 . . . . . .  1) due to hm is < O((1.9)--(n--m)) .  This gives a 

relative displacement due to H,~_I (using M k / N k - 1  >> 1) 

N k  - 1 

0((1.9) -(~-m)) <_ (1.8) -n.  
m----1 

By the same argument r~n > -(1.8)  -n.  Because this is true for every cylinder 

Cel...~_l and 

j~O 1 1 -- )~k DCk,,,~ ( z ) d z  = 1 + 2r],~ 1 + ~---~' 

it follows also that  1 - O((1.8) -n)  _< tn _< 1 + O((1.8)-~). 

Clearly 

D h n ( f n - l ( y ) )  n t  , , 
Dfr~(X) = ~ ~ ' J n - l ~ y ) ,  

L~nn(y) 
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where y = h-~l(x). Now se t t i ngn  = Nk and Yi = h~ - l ~ 1 7 6  -1Nk(x), we get 

(because hm is the identity for Nk-1 < m < Mk) 

�9 ,DhNk l+l(fgk ,(YNk 1+1)) DhNk(fgk-l(YYk)) 
DfNk(X) =DINk_I(YNk_I+I) ~ ~  "'" 

Nk-1 +1 (YNk-I+I) DhN~ (YNk) 

, ~DhMk+I(IMk(YMk+I)) DhNk(fNk-l(YNk)) 
=-DfNk_l (YN~_I+I) D ~ . ~  7----'''E . "  

M k + l  I, YMt: + l ) Dh y~ (YN~ ) 

By construction, fn(h~l(z)) lies in the left part of Hn-2(Ce2...e~_l) if and only 

if z lies in the left part of H~_I(C~. . .~_, ) ,  for all Mk < n _< Nk. Therefore 

]Dh~-l(f~-2(yn-1))l in-1 
IDhn(yn)] tn ' 

and hence 

, DhNk (f  Nk-l (YNk )) t,~- I 
D" ' I ]  DfNk (X) = fNk-l(YNk-,+l) DhM~+I(yMk+I) - -  tn 

n=Mk +2 

Dfgk_l(Yg~:l+l) PhNk(fYk-l(YNk)) 
<_ DfN _I(X) 

DfN~_~ (z) DhM~+I (YM~ +1) 

< DfNk_~(x)(1 + O((1.8)-Mk)))~k, 

because YN~_I+I and x lie in the same cylinder HNk_I (Cel...eMk_l) which (as we 

saw before) is exponentially small compared to HN~_~ (C~1...~k_1_1). A similar 

argument gives 

DfNk(X) >_ DfNk_t(X) ~---~(1 -- O((1.8)--Mk)). 

These derivatives depend continuously on Ck. We choose Ek > 0 SO small that 

(4) DfNk_~(x) ~-~(1 -- (1.7) -Mk) < DfNk(X) <_ DfNk_~(x)~k(1 + (1.7)-Mk), 

for all x E S 1. Then both fNk and Dfg~ converge uniformly on S 1. The limit f~ 

satisfies 

2 H  1 - (1,7) -Mk < Of(x) < 2H,~k(1  + (1.7) -Mk) 
,kk - - 

k k 

and therefore is an expanding C 1 circle map. 

We now check that f~ is indeed type III with respect to Lebesgue measure. 

Define p~,n(x) = Dh,~(H,~_l(X)), and if ek ~- 0, we write qo~(x). If ek -~ 0, then 

fe is Lipschitz continuous, and # corresponds to the original Hamachi product 
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measure. For ck ~ 0, he defines a measure by #e := m o h~. It is enough to show 

that for a good choice of ~ above, #e ~ #. We show that the Radon-Nikod:~m 

derivative is 

~*dtte r [  ~e,n (x)~n(x) �9 :=  (x) = 
n = l  

Choosing ck sufficiently small: we can make sure that ~ is bounded and bounded 

away from 0 #-a.e. Indeed, for Mk < n < Nk, let 

{ ~:~,n(X) 1 pe,n(x) 1 }  
A n =  x[  pn(X-- - - - -~<l -vor  ~n(X------~>l+~-~ . 

Obviously 

 e,n(X) 
H  n(X) 

n 

is finite and positive if x is not too often contained in An. But because the 

numbers Ak are the same for (Pn and Te,n, #(An) --+ 0 as Ek --+ 0. Extending the 

choice at inequality (4), take ck so small that tt(An) < 1In 2 for all Mk < n < Nk. 

Then the set of points visiting an An infinitely often has zero measure, because 

by the Borel-Cantelli Lemma, #(~ l  Un>l An) = 0. Hence # is equivalent to/ze. 

It is a property of Hamachi measure that p is a recurrent measure for S. We 

claim that  Pe is also recurrent for S, which is equivalent to showing that the 

measure m is recurrent for fe. Since # ~ #e, it suffices to show that B e is 

constant on symmetric points of S ([12]). Suppose that x and y are such that  
1 S(x) = S(y). Then x = y + ~ and by the symmetry in the construction of he, 

Remark: Using a Hamachi measure on the one-sided shift on d symbols, and 

the techniques developed in this section, we can construct C 1 expanding type III  

circle maps of any degree d ~: 2. 

6. H a m a c h i  m e a s u r e  for  i n t e r v a l  m a p s  

In this section we modify the previous construction for tent maps. 

THEOREM 6.1: There exists a unimodal map, conjugate to the full tent map 

which is type III  with respect to Lebesgue measure m. This map can be chosen 

to be C 1, or piecewise C 1 and expanding. 

Proof: It is well-known that (E, a) is measure-theoretically isomorphic to (I, T), 

where T = T2 is the full tent map. Indeed, take a = ala2". .  C E, and let 
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~9(al . . .  an) be the number of ones in al " "  an. Let 5 be defined as 

5i = ~ ai if ~9(al . . .a i_l)  is even, 
[ 1 - ai if v~(al .. .  ai-1) is odd. 

n(1 If x(&) is the point in I \ [-Jn_<0 T 3) whose itinerary is 5, then a ~-+ x(5) is the 

required isomorphism. So we can again pull back Hamachi measure (~, obtaining 

a measure with respect to which T is type III. We proceed as in the circle case; 

the only adjustment to be made is to change formula (3) into 

= lim hn(z ' )+~ (y - x)r if tg(el . . ,  en-1) is even, 
ha(z) [ ~)(el en-1 z,.Zy, (y - x)(~b<v,(1) - ~bk,~,(v_x) ) if --- ) is odd. 

This will give us the required piecewise C 1 and expanding map f .  

Note that  f ' (0)  = - f ' ( 1 ) .  In order to obtain a C 1 (but no longer expanding) 

example, we can do the following. It can be easily checked that T and the 

1 (1 - cos ~x), quadratic map Q(x) = 4 x ( 1 -  x) are smoothly conjugate: If g(x) = -~ 

then g o T  = Q o g .  Applying the same conjugacy on f ,  we get a C 1 map 

f = g  o f o g - l ,  which is type III  with respect to the measures m o g-1 and m. 
| 

These results allow the following generalization: 

THEOREM 6.2: For every a E (1, 2] such that the tent map Ta has a nowhere 

dense critical orbit, there exists a map f ,  topologically conjugate to Ta, which is 
type III  with respect to Lebesgue measure. 

Proof: Assume a > v~,  because otherwise To is renormalizable, and we can 

consider the deepest renormalization of To instead. Let V C [c2, cl] be an open 

interval such that orb(c) N V = ~. Due to the expansion properties of Ta, there 

exists n minimal such that c E T~(V) .  Take any p E Tn(V) ,  p ~ c, such that 

also 15 e T~(V)  and orb(p) N (p,15) = 0. Let U = T~-n((p,~)) n V. Then orb(c) 

and orb(0U) are disjoint from U, and q = Tan(c) n U is the middle point of 

U. It follows that the first return map F: U --+ U has countably many branches 

F: J + U, F I j  = T~ (J), all of which are onto. Also F(q) is not defined and 

F(q + ~) = F(q - 6) for all c < �89 I. By the techniques discussed previously, 

there exists an ergodic nonsingular nonatomic measure # with respect to which 

F is type III. Also #(U') > 0 for every nondegenerate subinterval U' C U. We 

can pull back # to a measure # of the original map Ta as 

s(J)--I 

fit(B) = E E #(T~~(B) n J),  
J i=0 
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where the first sum is taken over all branch domains of F.  Due to a result of 

Silva and Thieulten [28], T~ is type III with respect to #. I t  is easy to show 

that  12 is again ergodic nonatomic and nonsingular, and that  # ( I  ~) > 0 for 

every nondegenerate subinterval I ~ c [c2, cl]. Define again the homeomorphism 

h: [c2, cl] ~ [0, 1] as h(x) = #([c2, x)). Then f = h o Ta o h -1 is conjugate to 

Talic2,cl] , and f is type III with respect to Lebesgue measure. | 

7. H a m a c h i  m e a s u r e  for  m a p s  on  t h e  s p h e r e  

In this section we extend our construction to the Riemann sphere, C U cc _= C a .  

Our example is motivated by a classical construction given by Latt~s to construct 

a rational map of the sphere whose Julia set is the whole sphere [22]. 

7.1 ANALYTIC TYPE III MAPS OF THE TORUS. W e  begin by extending o u r  

construction above to the t oms  T 2 = R 2 / Z  2 as follows. Let us first remark 

that  the angle doubling map Sx = 2x (rood 1) gives rise to a measure preserving 

Bernoulli four-to-one map of T 2 by 

S x S ( x , y ) = Q ( x , y ) =  [~ ~ ] ( x , y ) ( m o d l ) .  

With respect to two-dimensional Lebesgue measure on W 2, denoted m2, this is a 

one-sided Bernoulli shift of entropy log4. We can identify T 2 with S 1 x S 1 and 

put #, the Hamachi  measure we constructed in Section 6, on one copy of S 1. The 

measure we now have on S 1 x S 1 is m x #, which we denote by #2. We have the 

following result. We will write B2 = B x B. 

THEOREM 7.1: The map Q = S x S on (S 1 x S1,B2,#2) satisfies: 
1. Q is a 4-to-1 map with respect to #2 ; 

2. Q is continuous, nonsingular, conservative, and ergodic with respect to P2; 
3. tt2 is recurrent for Q; 

4. Q admits  no a-finite invariant measure absolutely continuous with respect 
to/~2. 

Proof." It  is clear that  Q is a nonsingular, 44o-1 continuous endomorphism on 

T 2. (It  is enough to show there exists a parti t ion 5 ~ = {Po,P1,P2,P3} of T 2 

into 4 sets such that  the restriction of Q to each set is one-to-one and onto with 

respect to #2. The parti t ion into four sets with endpoint coordinates 0, 1, and �89 

obviously works.) Since S is exact with respect to m, and since S is ergodic with 

respect to #, it follows by [1] that  Q is ergodic with respect to #2. 
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Let wm denote the Radon-Nikod:~m derivative of S with respect to m. Then 

clearly Wm -= 1. Let co~, denote the Radon-Nikod~)m derivative of S with respect 

to Hamachi measure. If win2 - w2 denotes the Radon-Nikod:~m derivative of Q 

with respect to m2, since wt, is Q-1 (/3 • it follows that w2 (x, y) = 

wp(y) for every (x,y). The fact that Q is type III for m2 now follows exactly as 

in [12]. | 

The following corollary can be proven using the same methods as in the circle 

case.  

COROLLARY 7.1: On the d-dimensional torus, there exist maps f with one of 

the following sets of properties: 

1. f is a total group endomorphism and f type III  with respect to some ergodic 

and conservative Borel measure. 

2. f is type III  ergodic and conservative with respect to Lebesgue measure, 

and f is C I expanding. 

Regarding Q as a map of R2 /Z  2, we note that Q ( - ( x ,  y)) = - Q ( x ,  y) for all 

(x, y) E T 2. We now review some basic facts about the Weierstrat3 elliptic ~9 

function in conjunction with a classical method of constructing analytic maps of 

the sphere given by Latt6s [22]. 

7.2 LATTES EXAMPLES ON THE SPHERE. We consider the WeierstraB elliptic 

function of the complex plane C; i.e., a meromorphic function on C which is 

periodic with respect to a given lattice and is even. In our case we are primarily 

interested in the lattice L = {m + in: m, n C Z}. We recall that 

[ 1 1] 
wffL, w~O 

satisfies the definition of an even elliptic function and can be regarded as a map 

from the period parallelogram C / L  which is homeomorphic to T 2. Furthermore 

~a: T 2 ~ S 2 _~ T 2 / z  ~,, - z  is a two-fold branched covering of the sphere by the 

torus. 

Using the identification z = x + iy = (x, y) E C, when no confusion arises, Q 

defines a complex endomorphism on T 2 such that Q ( - z )  = - Q ( z ) .  We can pass 

to the quotient space to obtain an analytic (rational) map of the sphere such 

that  p o Q = R o ~. In fact, using a classical "angle doubling" formula for p, and 

the fact that  Q(z) = 2z (mod L), we obtain the following explicit formula for R 

in this case: 
(z 2 + 1) 2 

R(z) - 4z(z 2 _ 1)" 
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If we put  Lebesgue measure m2 on the torus, then Q, and hence R (using the 

obvious factor measure) will be isomorphic to the one-sided Bernoulli shift of 

entropy log 4. By varying the lattice and the integer in the original endomorphism 

on C, we obtain the earliest examples known of rational maps of the sphere with 

Julia set the whole sphere. 

By varying the measure on T 2, we obtain different factor measures on Coo in 

the obvious way; i.e., by using the measure c~ o ~o -1 on the sphere if a is the 

measure on the torus. The map p gives a 2-set partition (not unique) of T 2 

minus exactly 4 branch points with the property that  the restriction of ~o to each 

a tom of the parti t ion maps injectively onto the sphere minus 4 points. We will 

fix from now on a choice of partition and call the 2 disjoint sets A0 and A1; they 

can be chosen to be connected, but we will not use that  here. We choose A0 to 

be the union of 2 atoms from the partition P defined earlier for Q. We define 

P0 = PlAo and Pl = ~31A1. Using this partition, any nonatomic Borel a-finite 

measure p on Coo gives rise to a measure on the torus via the map  p as follows. 

For each set C G B2, define - C  = { ( - x , - y ) ( m o d L ) :  (x,y) C C}. Recall that  

Q ( - c )  = -Q(C)  and Q - I ( - C )  = -[Q-I(C)].  
I f  C = f9 -~ o ~(C), we call C a saturated set (under p). We can form the 

saturation of any set B r B2 b y B ,  = ~o - l o p ( B )  _~ B. It  is clear that  B,  = 

B O - B ,  where the union may or may not be disjoint. 

LEMMA 7.1: Let p be any nonatomic, nonsingular Borel measure for R. Then 

there exists an associated lifted measure P2 on T 2 such that: 

1. P2 is nonsingular for Q; 

2. if  p is ergodie for R, then P2 has at most 2 ergodic components with respect 

to Q; 

3. if  p is (a-)finite, then so is P2; 

4. if  p is invariant for R, then P2 is invariant for Q. 

Proof: Given any C E/32, we can write C = Co UCI UCbr , where Co -- CNAo,  

CI -- C N At, and Cbr -- CN(branch points of ~3). Clearly the union is disjoint, 

and any of these sets in the union could be empty. Define 

p2(C)  : lp(~90(C0)) -f- 1/)(~91(C1)) 

=  p(pl(-c0)) + 

: lp(~90(O0) ) + l p ( ~ 0 ( - C 1 ) ) ,  

since p~(C~) = p j ( -C~) ,  i , j  = 1,2, i ~ j .  We remark that  if C is a saturated 

set, then p2(C) = p(pC), and for any measurable B, p2(B.) = 0 if and only if 

p2(B) = O. 
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To show 1, we suppose p2(C) = 0. By the above formulas, this implies that  

p2(iv-liv(C)) = p2(C,) = p(IVC,) = 0. By nonsingularity, p(R-l iv(C,))  = 0, and 

it is easy to see that  for any saturated sets C, E B2, iv o Q-1C,  = R -1 o IVC,, 

so it follows that  p2(Q-1C,) = 0 = p2(Q-1C). Similarly we can show that  if 

p2(Q-iC)  = O, p2(C) = 0 as well, by saturating Q-1C. 

We will now prove 2. We assume that  p is ergodic for R and let B be a 

positive measure Q-invariant set in B2. If B is saturated, then by the ergodicity 

of p for R, we have that  B has full P2 measure. Furthermore, we can show 

that  B N - B ,  which is saturated, is also Q invariant. Therefore it has full or 

zero measure. Suppose then that  p2(B A - B )  = 0 (or we are done because if 

not, then B is saturated hence has fifll measure). Then since the set B U - B  is 

invariant and saturated, we now have 2 disjoint sets, B and - B ,  each of positive 

measure, disjoint, and invariant. Their union has full measure; this follows from 

the ergodicity of R with respect to p and the fact that  B U - B  is saturated. Then 

from the discussion it follows that  iv maps B injectively onto C a .  From this it 

follows that  no smaller set can be invariant; i.e., the ergodic decomposition can 

have at most 2 atoms in it, each of which completely covers the sphere. Therefore 

there are at most two distinct ergodic components. 

Par t  3 of Lemma 7.1 follows easily. Finally we establish the invariance of P2 

for Q when R preserves p. Let ,4 denote the a-algebra of Borel sets on the 

sphere. If C is a saturated set in B2, then p2(Q-1C) = p2(C) by the hypothesis 

on R and the above discussion. So it is enough to check invariance for invariance 

for C C A0 (or Ai); assume C = C F1 A0 E A. Then C F1 ( - C )  = 0 and 

(Q-1C)  F1 Q - I ( - C )  = (Q-1C)  F1 - ( Q - 1 C )  = 0. Then 

p2(C) = l p(ivoC) = �89 = �89 p(R-I(IVoC)) = �89 p(IV(Q-'C)). 

Writing Q-1C = (Q-1C)0 u (Q-1C)I ,  this equals 

I[p(IVo(Q-1C)o) + p(IVl(Q-1C)I)] = p2(Q-1C). 

This concludes the proof. | 

7.3 TYPE III RATIONAL MAPS OF THE SPHERE. V~/'e c o n s t r u c t  the type 

III map on T 2 as above, using the measure #2, which is the product of one- 

dimensional Lebesgue measure m with Hamachi measure #. On the sphere we 

use the natural  factor measure defined by the factor map iv; i.e., define u(A) = 
#2(IV-I(A)) for every Borel set A on S 2 ~- Coo. It  is clear that  u is ergodic and 

conservative for the factor map R defined above, so the following holds. 
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THEOREM 7.2: There exists a Borel measure u on C ~  such that, with respect 

to the rational map R(z) = (z 2 + 1)2/4z(z 2 - 1): 

1. v is supported on the Julia set of R (which is the whole sphere); 

2. R is a 4-to-1 map with respect to u; 

3. R is continuous, nonsingular, conservative, and ergodic with respect to y; 

4. R admits no a-finite invariant measure absolutely continuous with respect 

to u. 

Proof: From the discussion above and Lemma 7.1, it is clear that  we only need 

to check 4. We suppose that R admits an invariant measure p ~ u, and that p 

is a-finite. Then p is ergodic since u is, so we lift p to an invariant measure for 

Q on T 2 as in the preceding lemma. We denote by P2 the lifted measure on T 2, 

and it has all the properties listed in Lemma 7.1. It remains to show that P2 is 

equivalent to #2 which would contradict the hypothesis on tt2. 

One can easily establish that #2 <<: P2 since: 

p2(c) = 0 p( 0(c0)) + p( l(cl)) + + = 0 

p( c) = o 

+ + + = 0 

 2(c) = 0. 

If the measure P2 is ergodic for Q, then we suppose there exists a measurable 

set C such that  #2(C) = 0 aud p2(C) > 0. We can generate an invariant set 

for Q by C which then has full P2 measure by ergodicity of P2; its complement 

will have P2-, hence #2-measure 0. It cannot happen that #2 gives measure 0 to 

a set and its complement. Therefore we assume, using Lemma 7.1, that  P2 has 

two ergodic components with respect to Q; then we will write the measure as the 
pO 1 pl sum of two ergodics: P2 = ~ 2 + ~ 2- We repeat the above argument on each 

component separately; i.e., any set C such that #2(C) = 0 but p2(C) > 0 must 

lie completely in one ergodic component of P2 (otherwise we repeat the above 

argument verbatim). Therefore P2 ~ pO say. The set C generates an invariant 

set of full pl measure whose complement has measure 0. Hence #2 gives both C 

and its complement measure 0 and the contradiction establishes the result. | 

Remarks: 1. The Latt6s examples are constructed for any endomorphism of the 

form Qz = r~z for any n >_ 2. In this way we can construct type III examples of 

degree n 2. 

2. We can also vary the lattice used in the definition of the WeierstraB elliptic 

function to obtain different conformal equivalence classes of maps. The measure 
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theoretic properties will remain the same however, as changing the lattice is a 

measure theoretic isomorphism. 

3. Because of averaging that  occurs in the Weierstrag factor map, our method 

does not immediately lead to a C 1 type I I I  version of the example. 
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