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1. Introduction

The problem of constructing smooth maps on manifolds with no equivalent o-
finite invariant measure equivalent to the Riemannian measure has a long history.
The map is called type IIT (with respect to the measure) in this case. We describe
briefly the history of the problem of constructing type III maps on manifolds with
respect to Lebesgue measure.

Ornstein was the first to construct a type III invertible map [24]; it is a contin-
uous interval map. There are by now many examples of type III diffeomorphisms,
the earliest constructions being C* circle diffeomorphisms (13, 16, 17]. In [12]
a noninvertible C'° type III map of the torus is given. None of these examples
is expanding; indeed there are obstructions to finding smooth expanding type
IIT maps. This fact is illustrated by a result by Krzyzewski and Szlenk [20],
stating that every expanding C? transformation on a compact manifold carries
an absolutely continuous invariant probability measure (acip).

Later, several authors obtained the same result while weakening the C? as-
sumption for expanding maps, for example [6, 23, 27]. In each of these papers
the map was assumed to be C! and to satisfy an additional condition on the
derivative (Holder, bounded variation etc.). In the C! expanding case examples
have been constructed which admit no finite absolutely continuous measures [7];
however the existence of an infinite o-finite invariant measure is not excluded. In
addition, many examples of noninvertible C* maps, for instance quadratic maps
on the interval, with infinite o-finite invariant measures have been found, e.g.
2, 14].

In this paper we construct ergodic type III maps of manifolds which are C!
and expanding. Questions on the Lebesgue ergodicity of C! expanding maps
have been addressed by Quas (25] and references therein. We prove the following
theorems.

THEOREM 1.1: There exist maps f for which there is no o-finite invariant
measure equivalent to Lebesgue. f can be constructed to satisfy one of the
following sets of properties.

e fisa C' expanding circle map of degree d > 2.

e f is an interval map topologically conjugate to the full tent map Ty, and
[ is either C*, or C' and expanding on both branches separately.

e f is an interval map topologically conjugate to the tent map with slope a,
for any a € (1,2] such that the critical point has a nowhere dense orbit.
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THEOREM 1.2: There exists an ergodic type III Borel measure v on C,, with
respect to the rational map R(z) = ((22 +1)%)/(42(2% - 1)).

We use a construction of Hamachi [9] of a type IIT shift map with a product
measure to prove our main result. This gives us in a natural way a type IIT
measure for the angle doubling map on the circle which is the basis for our
smooth examples.

It is known that for noninvertible maps, equivalent measures can exhibit
different recurrence properties. Given a nonsingular ergodic endomorphism
(X,B,u,T), u(X) = 1, the (global) Radon-Nikodym derivative of T, denoted
w,,, is defined to be the unique T~!B-measurable function satisfying

/foT-wudpszdu for all f € L*(X, p).
e X

The higher derivatives are defined for each n € N by w,(n,z) = H;:Ol wu{Tz).
The measure ( is said to be recurrent for T if

Zw#(n, T) =00 p-a.e.
n

In the invertible case, all measures are recurrent. For noninvertible maps, non-
recurrent measures equivalent to recurrent ones are known to exist [5]. In gen-
eral it is difficult to determine whether a given ergodic measure is recurrent; an
invariant measure 4 is always recurrent since w,(z) = 1 in this case. In a non-
invertible system, if the measure is known to be recurrent, all existing invariants
for invertible systems (e.g. ratio sets and coboundary Radon-Nikodym deriva-
tives) can be used to detect the existence or absence of an equivalent invariant
measure [12]. When the measure is nonrecurrent none of the noninvertible tests
are valid. Furthermore, nonrecurrent measures provide obstacles to obtaining a
conservative natural extension, even if the original map has an acip [28)].

Let Ty, be the tent map on [0, 1] with constant slope a. For 1 < a < 2, T, is
known to admit an acip (e.g. [21]). We prove the following theorem.

THEOREM 1.3: There are only two values of a € (1,2], namely V2 and 2, for
which Lebesgue measure is recurrent.

The paper is organized as follows: after some definitions and notations, we
prove the nonrecurrence of Lebesgue measure for tent maps in Section 3. In
Section 4, we briefly discuss Hamachi’s construction on the shift space. In the
next two sections we apply his construction to obtain our results for circle and
interval maps. In the last section we focus on higher dimensional generalizations.
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2. Preliminaries

Throughout this paper we will only consider measurable nonsingular transfor-
mations T of Lebesgue spaces X, where X is usually a manifold, endowed with
the o-algebra of Borel sets, denoted B, and a Lebesgue measure y on B which
is o-finite. These assumptions on 7' mean that for all A € B, T~1(4) € B, and
w(A) = 0 if and only if uT~1(A) = 0. By replacing T’ by an isomorphic copy if
necessary, we also assume that 7' is forward measurable and nonsingular; i.e., for
all A € B, T(A) € B, and p(A) = 0 if and only if T (A) = 0 [26]. Under these
assumptions 7' will always be surjective as well with respect to p.

Definition 2.1:  Let (X,B,u) be a Lebesgue measure space with u a finite
measure. We say that T is a bounded-to-one endomorphism of X if there
exists a measurable partition P = {4;,...,A4,} of X such that u(4;) > 0,
T|a, = T; is one-to-one, T} is one-to-one and onto X, and each A; is maximal
with respect to pin X N, ; 4;.
Definition 2.2: T is conservative (with respect to p) if for every A € B of
positive measure, there exists an m € N such that y(T-™(4A) N A) > 0. T is
ergodic (with respect to p) if for every A € B such that T~1(A) = A, we have
u{A) =0or p(X N A)=0.
Definition 2.3 (The Jacobian and the Radon—Nikodym derivative): Given a non-
singular bounded-to-one endomorphism (X, B, u; T), for each z € A; let
JT(z) = d—g}?(x)

We set J,T'(x) = 0 for all z € X | J, A;. This is called the Jacobian of T with
respect to p.

The (global) Radon-Nikodym derivative of T, denoted w,,, is defined to

be the unique 7~!B-measurable function satisfying
/ foT-w”duzf fdp  forall f € LY(X, p).
X X

The higher derivatives are defined for each n € N by w,(n,z) = [[12y wu(T'z).
The measure 4 is said to be recurrent for 7 if

Zwﬂ(n, ) =00 p-a.e.
n
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We have the following easily verified identity linking the two types of
derivatives: ™
1) o) = S S

yeT—1Tg “# )

When T is invertible, all measures are recurrent and the Jacobian and the Radon-
Nikodym derivative are the same function. It is an open problem as to whether
every endomorphism admits an equivalent recurrent measure. In general it is
difficult to determine whether a given ergodic measure is recurrent; an invariant
measure p is always recurrent since w,(z) =1 in this case.

The following theorem represents a compilation of results.

ProPOSITION 2.1 (cf. [28]): Suppose T is countable-to-one and preserves a
o-finite measure v equivalent to u, then the following are equivalent:

1. p is recurrent;

2. ¢ = dv/du is a T~ B-measurable density function;

3. wy, Is a coboundary; i.e., w, = $f7 p-a.e.

Proof: (3) = (2): Since by definition w,, is T~*B-measurable, so is the quotient
%—' Obviously ¢oT is T~! B-measurable, so the product of w, with ¢oT, which
is ¢, is T~ ' B-measurable as well. (2) = (3) follows since w, = 1 and

Wy ¢oT
w, E@T-1B8)

where E(:|A) denotes the usual conditional expectation onto A C B. (3) = (1)
since coboundaries are easily shown to be recurrent (see [11]). (1) = (3) is proved
in [28]. |

Definition 2.4: Let T be an endomorphism of a Lebesgue space (X, B, 1) such
that p is ergodic, conservative, and nonsingular. We call i a type II; measure
for T if it is absolutely continuous with respect to some invariant probability
measure. When X is a Riemannian manifold, and u is an invariant probability
measure which is absolutely continuous with respect to the volume form, then
we call 4 an acip. We call i a type III measure for 7 or we say T is a type
I1I endomorphism if T admits no o-finite invariant measure equivalent to .

In this paper many examples deal with unimodal maps. A map f: I — I,
I =[0,1], is called unimodal, if there exists a unique point, c, the critical point,
such that fp ) is increasing and f|( 1) is decreasing. We write ¢, := f™(c). The
forward orbit of a point z is denoted as orb(z). A unimodal map is onto on the
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dynamical core, i.e. the interval {co,¢;]. Therefore we will always restrict to
this interval. A unimodal map f is bounded-to-one; Definition 2.1 is satisfied
by taking A; = (¢,¢1] and Az = [cz,¢). For z # ¢, let the symmetric point
% be the point such that # # = and f(z) = f(£). Restricted to the dynamical
core, # is only defined if x € [eg, &) “{c}. We call a Radon—-Nikodym g derivative
symmetric if g(z) = ¢g() for all z € [cg, &) N{c}.

It can happen that there exists an interval J 3 ¢, J # [co,¢1], such that
f™(J) C J for some n > 1. In this case f is called renormalizable. Take J
maximal and n minimal with these properties. Then J is called a restrictive
or periodic interval of period n. An appropriate affine rescaling of f|;, called
the renormalization, is again a unimodal map, which can be renormalizable or
not. Therefore we can distinguish between infinitely renormalizable and finitely
renormalizable maps. In the latter case, the deepest, i.e. the last renormalization,

is itself nonrenormalizable.

3. Non-recurrent measures

In this section we consider the family of tent maps on I, defined by

ax if z <
T, = -
(@) { a(l-z) ifz>

ST

3
)

and we take the slope a € (1,2]. T3 is the full tent map. The critical point is
¢ = 1 and the interval [T2(c), T,(c)] = [(2 — a)a/2,a/2] is the dynamical core. It
is easily verified that T, is renormalizable (of period 2) if and only if a < v/2. The
renormalization is the tent map with slope a?. Therefore T, is at most finitely
renormalizable for a > 1. We put the normal Borel structure on the dynamical
core, and let m, be the normalized Lebesgue measure on it. In this setting T, is
bounded-to-one, and the partition { = {(c, c1}, {2, ¢)} generates the g-algebra of
Borel sets under T,. T, is clearly nonsingular. It is well known that T, is ergodic
with respect to m,, and also conservative, provided it is nonrenormalizable.

We can compute wy,,, (z) explicitly from equation (1). At points where the map
T, is one-to-one, (i.e. z = T, 'T,z) we have wy,, () = a; at the points where T,
is two-to-one, (i.e. {z,£} = T, 'T,x, z # ) we have w,,,(z) = a/2. We do not
define w,_ (c). We compute the higher derivatives to be

Wi, (, ) = a™27 (M)

where
r(n,z) = #{0 < i < n; T, is two-to-one at T"(z)}.
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Since T, admits an ergodic acip v, ~ my, it follows that

i )

n—oc N

exists and is constant v,-a.e.

Define the sequence 8, € {—1,1}N as follows:

0 = 1 if #{2 <i<m;¢; >1}iseven,
"l -1 if#{2<i<n;e > 1} is odd.
We have the following theorem describing the density of v,:

THEOREM 3.1 ([3]): The Radon-Nikodym derivative

Yoy —p@) = Y =

n
dm, = a
Cn41 <zx<cy

We use this result to prove the following:

THEOREM 3.2: There are only two values of a such that T, has a symmetric
density function for v,. Hence Lebesgue measure is not recurrent for tent maps,
except for the slopes a = 2 and a = /2.

Proof: 'We divide the proof into two steps. First we claim that the set ortXc)
is not T, ! B-measurable, unless a = 2 or a = v/2. Indeed, suppose it were, then
ém € orb(c) for every m € N. So there exists n such that ¢, = é,. In particular,
if a # 2, there exists n > 2 such that ¢, = é. Then ¢,41 = ¢3, whence c3 is
n — 2-periodic. Setting n = 3, we see that this can occur with ¢3 a fixed point.
In this case orb(c) = {c1,¢2,¢3 = é2} is indeed symmetric. This is met when
a = v/2. Using Theorem 3.1, one can show that dv,/dm, is constant on (cg, é2)
for both a = v/2 and a = 2. Hence by Proposition 2.1, g 18 recurrent. We show
that nothing else can occur.

Ifn > 3, then ¢, # é&. If c3 ¢ [ca, &), then ¢3 = (2—a)a?/2 > %(2—2a+a2) =
éz. This in turn implies that a®—a?—2a+2 < 0, which is impossible for a > V2. If
a < v/2, then T, is renormalizable: T2([c2,é2]) C [c2,é2) and [co, é2] N3, c1] = 0.
Now ¢4 € (c2,62), and é4 = ¢ for some n’ > 4. But this is impossible because
c3 is periodic. The remaining possibility is ¢3 € {cz,é2), but then also é3 = ¢,
for some n’ > 3. This again is impossible because cj3 is periodic.

In the second step of the proof we show that ¢ is not a symmetric density
if orb{c) is not symmetric. Let ¢, be such that ¢, ¢ orb(c), but exists. The
function

n>1
cp41<z<cy
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clearly has a discontinuity at c,,, with a jump of size 1/a™~!. Choose k satisfying

1 a T

aka—-1 " am

?

and choose neighbourhoods U of ¢,, and U of &, such that ¢; ¢U Ul for all 4 <k.
Then it follows that sup,, ¢ l¢(z) —¢(y)| > €, while sup, 5 l¢(z) —p(y)] <e.
Hence ¢ cannot be symmetric. This concludes the proof of the theorem. |

Remark: A similar situation may hold for differentiable families, and in
particular the quadratic family fy(z) = bz(1 — z). For the full quadratic map,
i.e. b =4, the invariant density is known to be

oy = L
an ™) = T Ay

which is clearly symmetric. For b = 3.67857 ..., the parameter value correspond-
ing to the tent map with slope V2, the density is not symmetric, see [8]. Therefore
Lebesgue measure is nonrecurrent for this value.

For all other values of b € [0, 4] such that f, has an acip, we expect Lebesgue
measure to be nonrecurrent. We outline why this should be true. Using the same
proof as for the tent maps, we can show that the critical orbit is not symmetric.
If an acip exists, its density function will have a pole at every forward image of
¢, cf. [18]. For example, if f, additionally satisfies the Collet—Eckmann condition
(ie. liminf, 1 log Df™(c;) > 0), the density has the form

Wt 1) = gla) 3 Wl —
i>1

for some A € (0,1) and a function g of bounded variation (see [19]). Whenever the
closure of the critical orbit is nonsymmetric, this density is clearly nonsymmetric.

4, Hamachi measure

The starting point for all the constructions in this paper is an example of Hamachi
from 1981 [9]. He constructed a measure g for the two-sided shift space X =
{0,1}% with the usual Borel structure with the following properties.

THEOREM 4.1 ([9]): There exists a Borel measure o for the shift ¢ on X =
{0,1}% such that:

1. « is a product measure on X;

2. « Is nonsingular, conservative, and ergodic for o;

3. « is a type III measure for o.
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Later it was shown by Dajani and Hawkins that a one-sided version of Hamachi
measure gives a type ITI one-sided shift [4]. This observation about the Hamachi
measure was also made independently by Silva and Thieullen [28]. We state the
precise result since it is the basic measure on which further constructions are
based.

COROLLARY 4.1 ([4]): There exists a Borel measure for the shift on Xt =
{0,1}N such that:

1. « is a product measure on X¥;

2. « is nonsingular, conservative, and ergodic for o;

3. « is recurrent for o;

4. « is a type III measure for o.

We give a brief description of the type IIT measure of Hamachi here.

4.1 A DESCRIPTION OF THE HAMACHI PRODUCT MEASURE.  We define the
measure o to be of the form o =[], -, an by specifying each factor measure a,.
We begin by defining some measures on the 2-point set {0,1}:

1. We denote by § the equally distributed measure 5(0) = 3(1) = % If we
put the measure § on each factor of X*, we will denote this Bernoulli
measure by B.

2. For a sequence Ag such that Ay > Az--- > 1 (to be chosen by induction
later), we define a measure v,(0) = 1/(1 + Ag) and v4,(1) = A /(1 + Ag).

We will define sequences of integers {M}r>1, {Ni}i>1, satisfying: M; > 1is
arbitrary, also Ny > M, is arbitrary, and Ny = My + ng, Miy1 = N + my,.
Here, nx and my are positive integers chosen inductively, with the inductive step
outlined below.

We then define
g if0<n< M,
an =94 Y i My <n < Ng,
B N, <n< M.

As was shown in [15}, the measure y is nonsingular for the shift if and only if
o0

(2) Z log M\¢)? < .
k=1

For later purposes we will choose the Ax’s such that HZo:1 A < 1.1. Clearly
formula (2) is still satisfied. We add another condition on the choice of A in the
inductive step.
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Hamachi gives an inductive algorithm for choosing the sequence
(Aks ik, Mk )k>1 so that the shift is nonsingular, ergodic, and type I with respect
to a. Since we will modify the measure later, we will outline the inductive step,
omitting the details since they are carefully written out in [9)].

A. Starting the inductive argument: We choose A; > 1 to be arbitrary; also
ny € N is arbitrary (greater than 1) and m; € N is any number such that
my > n; + 1. Choose any decreasing sequences of positive numbers {px} and
{ex}, k > 1, such that

1. Ask > 00, pr > 0and € — 0

N

- 22021 Pk = oC;
3. ZZ.;I Ex < 00;
4. Define np = 3 o, €, (the tail of the e scries).

B. The inductive choice of A, in order to introduce the distortion from the (%, %)
measure ﬂ Keeping in mind that if Ay = 1 for all k, then we have the § measure
on each factor, and preserving the nonsingularity condition given by formula (2),
we choose 1 < Mg < A\ so that

(2Ak/1 + Ag) M-t < ARt < otk

We also choose pi > 0 such that

1< (/\1)2M""_l < (/\k)pk.

C. The inductive choice of ny, the integer which determines how long we must
distort the measure by A\: We consider for the moment all possible cylinders of
length Ny = M + ny; and we note that the measure of all such cylinders with
exactly ¢ 1's occurring somewhere between M) and Ny is given by the binomial
distribution formula

o= ()2 )™

t=0,1,...,n%. We choose n, large enough so that fi(t) is the “correct size for
enough of the t's enough of the time” in order to reflect the fact that we have

changed from the (1, 1) measure to the (-, —24) measure. In particular, if
202 T+ T+A; |% )

we solve for ¢, > 0 so that

1 /ck (- /2)4
e § = Dk,
V2r J_¢,
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then we apply the Central Limit Theorem and choose ny large enough so that

> filt) > E.

g VEAkCk
|t_1—-:‘7ﬁ< T+xg —2pk

D. The inductive choice of my, the integer which determines how long we must
spend back at the § measure for conservativity: There are two conditions that
determine our choice at this step. We choose my, large enough so that

N2+t )\?Nk Ek
myg — Nk 2 ‘

This maintains conservativity of «; but in addition, in order to ensure that the
product measure « is of type III (and not just equivalent to an infinite invariant
measure), we need to choose my, large enough so that we can obtain some correct
Birkhoff Ergodic Theorem averages with respect to the measure 3 on most of the
space Xt (on a set of 3 measure > 1 —¢;) for certain real-valued functions. We
refer the reader to [9] for the details of this inductive step.

For the invertible shift, the measure is extended to the negative indices by
setting o, = § if n < 0. We will call the original two-sided measure constructed
by Hamachi &, and it is easy to show that the noninvertible measure o constructed
above satisfies

dA 1
jg (o 2-1,20,2) =wa(i,z) forallze Xt, and z;€{0,1}, j<O.
The choice of m; will insure that
2. déo?
; 74 (z) = o0

for the invertible shift, giving conservativity, and for the noninvertible one we
have

o
Zwa (i,z) = co.
i=0
Therefore o constructed in this way is a recurrent measure.
Definition 4.1: We will call the measure & constructed in this way, using [9], the

Hamachi (type III) measure.

4.2 SOME VARIATIONS ON THE HAMACHI MEASURE. Given

X7 =1[{01,...,2d -1},

neN
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we define a product measure oy closely related to the Hamachi measure on X+

as follows.
Choose any positive numbers py,...,pq and ¢, ..., qq such that
d d 1
D= %=3
k=1 k=1

Since the Borel structure on X is generated by cylinders, we define a4 by
specifying its values on cylinder sets. We note first that the p;’s and ¢;’s determine

P= Hpn,

neN

a measure on Xd+ by

with

Pi(0)=p1, Pull)=p2, ..., Pu(d—1)=pq
Pud)y=q1, ..., P.(2d—1)=gqq

for each n € N. The measure P is a Bernoulli measure preserved by the shift o,
so wp(z) =1 for all z € X]. Each cylinder Ce, of length n lies in a dyadic
cylinder of length n, by recoding each e, into a 0 if 0 < e, < dorasalif
d < er < 2d. We denote the coding map from 2d symbols to 2 symbols by m; 7

..€n

is defined pointwise in the obvious way. We now define

) - P(Cel- [ )M

ad(Cel...c €
B(rCe,...c..)

n b

where « is the Hamachi measure constructed above and 3 is the (%, 1) Bernoulli
measure. With this definition, we have linearly rescaled the Hamachi measure to
any even number of states, so that ag = P - % om.

Letting o denote the shift on the k-symbol space, we have the following lemma.

LeMMA 4.1: The Radon Nikodym derivative wa,(z) for ooq equals w,(rz)
for o5.

Proof: 'We note that since Jo,024(z) = 3Jp0o2a(z)Jo02(n), then it is casy to
compute that

-1

1 .
Wa, = _ = Wy (m). |
‘ Z Jog024(Y) wa(m2)

-1
yEG'ZA 024
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Remark: Choose any two sequences of positive numbers {px} and {gx} such

that
oo o 1
Zl)k = Z‘Ij =9
k=1 j=1

The pi’s and g;’s determine a probability measure on
0
X% =1J{0.1,....2k,2k +1,.. }n
=0

by P =1T],s Pn, with P,(2k) = pi, Po(2k + 1) = g, for each k > 0 for each n.
We define a factor map 7 from X7 onto the dyadic X+ above by

7(z) = (z;(mod 2), z2(mod 2),....,).

We can consider the usual one-sided shift map on on XI“;. If we define the

measure (xC )
A\Tle, . e

an(C,, 2= P(C,, n A*—l—",

( €1...e ) ( €p...e )ﬁ(chl“_eﬂ)

where « is Hamachi measure and C,, ., is any cylinder of length n, then

Wan (2) = wa(rT).

n

5. Hamachi measure for circle maps

In this section we construct the basic differentiable example, on which the other
examples are built. A map f on a metric space X (endowed with metric p) is
called expanding if there exists C > 1 such that p(f(z), f(y)) > Cp(z,y) for all
T,y €X.

THREOREM b5.1: There exists a C' expanding circle map which is type III with
respect to Lebesgue measure m. Furthermore, m is recurrent for this map.

Proof: Let S: 8! — S!, S! ~ R/Z, be the ordinary angle doubling map:
z — 2z(mod1). S preserves Lebesgue measure m. Let o be Hamachi measure
on ¥ = {0,1}N. Because (£,0) is measure-theoretically isomorphic to (S*,S),
S is type III with respect to the measure g which is induced by a. We fix an
orientation on S!, and define h: 8! — S! as h(z) = p([0,)). As u is nonatomic
and its support is the whole circle, h is indeed a homeomorphism, and the measure
p o h~!is Lebesgue measure. Therefore f := ho Soh™! is a type III circle map
with respect to Lebesgue measure. We will analyze h in detail to show that f can
be a Lipschitz map. Using a slight perturbation of h, we can obtain an expanding
C' map which is type III with respect to Lebesgue measure.
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Let {Mk}kZh {Nk}kZh 1 < My < Ni < Mgy1 < Nigyq---, and {)‘k}kZIa
A1 > Az > -+ > 1, be the sequences appearing in the construction of the Hamachi
product measure. Recall that [, \x < 15. Let &€ = {ex} be a sequence of
nonnegative reals. If ¢, = 0, then the construction below yields h(z) = u([0, z)).
Otherwise we will choose ex > 0 inductively (with &1 = 0.1 and g, N\, 0) to obtain
a C! degree 2 circle map f. = he 0 Soh_'. For each k € N and n € (—1,1) let

Yk, (satisfying v ,(0) = 0) be the map with a piecewise linear derivative:

1+ 213 if £ €[0,ex),
1+2M if.’IIE[Ek,2+77 el
Dippm(z) =¢ 1— z—_fk_—"h—it ifze(+n—¢ki+n+ew),
ey ifzel +n+6k,1—5k],
14 2=l if z € (1— e, 1)
Then
— Ak
D z)dr =1+ 27
/ wkn T + 1 /\k’

and Y n(I) = I if n = 0. Moreover, Dy ,,(0) = D1k (1) = 1. This is necessary
to glue these maps together and still have a C! diffeomorphism.

Let Ce,e,..e, C S! be an n-cylinder, labelled by the first n coordinates of
its itinerary: Co = [0,1), C1 = [3,1), Co1 = [3,3), and so on. Therefore
Sl = Uelez-~~en€{0,1}" Ceyeq--e,, - Define hy, as follows:

e If n < Mj or Ny < n < Mgy for some k, then h,, is the identity.

o If My, < n < Ny for some k, then h, is made up of 2"~! scalings of Vi -

Let € = hp_1 0 --- 0 hy{(), where ( is the midpoint of C.,...., _,. Let
E—x 1
[fL’,y) = h"—l ©---0 hl(cel"'En—l) and T = y—x B 5

(Note that ifex =0, h,_q10---0hy is linear on Ce,....,_, and n, =0.) Let
hn(0) = 0, and assuming inductively that k., is defined on the cylinder
[',y') to the left of [z,y), we define for z € [z,y)

z—zx
(3) hn(z) = Jim () + (5 = D), (= )
Finally let h,(2) = tnohn(z), where t, > 0 is such that ¢, fol Dhyn(z)dz = 1.

Let H, = hp,o---0oh; and h, = lim, H,. We will see below that ¢, — 1
exponentially. This will imply that lim,, H, exists pointwise. Define also f, =
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H,o0SoH_! We need to show that for {ex} well chosen, {f,} is a convergent
sequence in the C! topology.

Suppose that we have chosen ¢; for | < &k and take My < n < Ni. Let us first
derive some estimates for D fy, which hold if &4 = 0. Then we choose the value
of €, for the inductive step in formula (4) using a continuity argument.

By the relative displacement of a point ¢ € (a,b) due to a homeomorphism
h we mean

h(c)—h{(a) c—a
h(b) —h{a) b-—a’

Each number 7,, measures the relative displacement of the midpoint of (one of
the) Ce,...,_, due to H,_1. We estimate n, under the temporary assumption
er = 0. We only have to consider h,, for m < Nj_1, since for all Ny_; <m < n,
the homeomorphisms h., are piecewise affine on Hy,_1(Ce, ..., _,) for Nx_1 <
m < n. For m < Ng_i, the interval Hp,_1(Ce,...c, ,) is exponentially small
compared to Hy_1{Ce, ..c,._, ). Indeed, because the distortions

sup Dhy
inf Dhl

Sg foralll e N

and
My
k—1

> 1,
|Hy1(Coyoven )| < 197" H, 1 (Ce,...c,._,)|- Hence the relative displace-
ment of any ¢ € Hp_1(Ce,..c,_,) due to hy,, is < O((1.9)~(®=™)). This gives a
relative displacement due to H,_; (using My/Ni_1 > 1)

N1

T < Y 0((19)~0™) < (1.8)™

m=1

By the same argument 7, > —(1.8)"™. Because this is true for every cylinder

C

eye,_, and
1-X

/ D, (2)dz = 14 21y, 1+)‘

it follows also that 1 — O((1.8)™) <t, <1+ O((1.8)~").
Clearly

Dhn(fa-1(y))

Dfn(x) = Dhn(y)

Dfn“l(y)v
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where y = h71(z). Now setting n = Ny and y; = h; o 0 hfvi (z), we get
(because h., is the identity for Ny < m < M)

DhNk—1+1(ka—1(yNk-1+l)) DhNk(ka——l(yNk))

Dka (:L‘) :Dka—1 (yNk—l+1)

DhNk—1+1(yNk—1+l) DhNk(yNIc)
“Dfw.(un l)Dth+1(ka(yMk+l)) .”DhNk(ka—l(yNk)).
ko ANkt Dhn1(yam+1) Dhn, (yn,)

By construction, f,(h,'(z)) lies in the left part of H,_2(Ce,...e,_,) if and only
if z lies in the left part of H,_1(Ce,...e, _,), for all My < n < Nj. Therefore

IDhn—l(fn—2(yn—1))| _ tn_1

| Dhy(yn)] Tty
and hence
Dhy, (fry-1lym) 15 tami
Dka (37) = Dka—l(yNk_1+1) DhM +1(yM +1) H -
> k n=Mp+2 "

Dka—l (yNk—l+1) Di"{Vk (ka—l(yNk))
Dfn,_,(x) Dhpg+1(yame+1)
< Dka—x(m)(l + O((18)—Mk))’\ka

< Dka—l (.’I?)

because yn, ,+1 and z lie in the same cylinder Hy, ,(Ce,...cy,,,) Which (as we

saw before) is exponentially small compared to Hy, ,(C

eren,_ 1)+ A similar

argument gives

Df,(#) 2 D, (5)5-(1 = O((18)™M))

k
These derivatives depend continuously on ;. We choose g5 > 0 so small that
1

M (1 - (17)_Mk) < Dka(IE) < Dka~1(I))‘k(1 + (1'7)—Mk)a

(4) Dfn,_,(z)
for all z € S!. Then both fn, and Dfy, converge uniformly on S!. The limit f.
satisfies (17)-
1—(1.7)~ M M
2] — 5 <Dfl@< 21+ (7))
k k

and therefore is an expanding C* circle map.

We now check that f; is indeed type III with respect to Lebesgue measure.
Define e n(z) = Dhp(Hpn—1(z)), and if e, = 0, we write @, (z). If e, = 0, then
fe is Lipschitz continuous, and p corresponds to the original Hamachi product
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measure. For g5 Z 0, h, defines a measure by p. := mo h.. It is enough to show
that for a good choice of € above, . ~ u. We show that the Radon-Nikodym
derivative is -
dpie Yen(T)
b (z) = —(x) = : .
o) = g, ) pn()

n=1
Choosing ¢, sufficiently small, we can make sure that @, is bounded and bounded
away from 0 p-a.e. Indeed, for My < n < Ny, let

Pen(T) 1 Pe,n(2) 1 }
= Feml 1 —or 22V 14
An {ml on(z) < nz on () g +n2
Obviously
‘Ps,n(x)
- on(2)

is finite and positive if z is not too often contained in A,. But because the
numbers A, are the same for ¢, and ¢ ,, p(A,) = 0 as e — 0. Extending the
choice at inequality (4), take i so small that u(A,) < 1/n2 for all My, < n < Ny.
Then the set of points visiting an A,, infinitely often has zero measure, because
by the Borel-Cantelli Lemma, u((),{,-, An) = 0. Hence p is equivalent to y,.

It is a property of Hamachi measure that y is a recurrent measure for S. We
claim that p. is also recurrent for S, which is equivalent to showing that the
measure m is recurrent for f.. Since g ~ p., it suffices to show that ®, is
constant on symmetric points of S ([12]). Suppose that z and y are such that
S(z) = S(y). Then « = y + £ and by the symmetry in the construction of .,
(I)E(:L‘) = @E(y).

Remark: Using a Hamachi measure on the one-sided shift on d symbols, and
the techniques developed in this section, we can construct C! expanding type III
circle maps of any degree d > 2.

6. Hamachi measure for interval maps
In this section we modify the previous construction for tent maps.
THEOREM 6.1: There exists a unimodal map, conjugate to the full tent map

which is type III with respect to Lebesgue measure m. This map can be chosen
to be C*, or piecewise C1 and expanding.

Proof: 1t is well-known that (X, o) is measure-theoretically isomorphic to (I,T),
where T' = T3 is the full tent map. Indeed, take a = ajap--- € X, and let
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¥{ay - - - an) be the number of ones in a; - - a,. Let a be defined as

6= i if 9{aq---a;—1) is even,
Tl 1—a; ifda;---a;_1) is odd.

If z(@) is the point in I, <o T™(%) whose itinerary is @, then a — z(@) is the
required isomorphism. So we can again pull back Hamachi measure «, obtaining
a measure with respect to which T is type III. We proceed as in the circle case;
the only adjustment to be made is to change formula (3) into

(y — )1/Jk,nn(y_ ) if ¥(eq - €,_1) is even,
(v —2) Wk, (1) — 'l/)k,nn( Z)) if der---en_y) is odd.

hﬂ)—!g;h()+

This will give us the required piecewise C'! and expanding map f.
Note that f'(0) = —f’(1). In order to obtain a C* (but no longer expanding)

example, we can do the following. It can be easily checked that 7" and the
quadratic map Q(z) = 4z(1—z) are smoothly conjugate: If g(z) = (1 ~coswz),
then goT = Qo g. Applying the same conjugacy on f, we get a C' map
f=gofog™, !
|

which is type III with respect to the measures mo g~ and m.

These results allow the following generalization:

THEOREM 6.2: For every a € (1,2] such that the tent map T, has a nowhere
dense critical orbit, there exists a map f, topologically conjugate to T,, which is
type III with respect to Lebesgue measure.

Proof: Assume a > v/2, because otherwise T}, is renormalizable, and we can
consider the deepest renormalization of T, instead. Let V' C [c2,¢;1] be an open
interval such that orb(c) NV = 0. Due to the expansion properties of Ty, there
exists n minimal such that ¢ € T(V'). Take any p € T™(V), p # ¢, such that
also p € T7(V) and orb(p) N (p,p) = 0. Let U =T, "((p,p)) N V. Then orb(c)
and orb(0U) are disjoint from U, and ¢ = T;"(c) N U is the middle point of
U. It follows that the first return map F: U — U has countably many branches
F:J = U, Fly = TY, all of which are onto. Also F(q) is not defined and
F(g+e) = F(g—c¢) forall e < %IU |. By the techniques discussed previously,
there exists an ergodic nonsingular nonatomic measure y with respect to which
F'is type III. Also u(U’) > 0 for every nondegenerate subinterval U’ C U. We
can pull back 4 to a measure zi of the original map 7, as

s(J)—

2:2: B)NJ),
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where the first sum is taken over all branch domains of . Due to a result of
Silva and Thieullen (28], T, is type III with respect to . It is easy to show
that 7 is again ergodic nonatomic and nonsingular, and that p(I') > 0 for
every nondegenerate subinterval I’ C [cz,¢;]. Define again the homeomorphism
h: [c2,c1] — [0,1) as h(z) = f([ez,z)). Then f = hoT, o h™! is conjugate to
Talies,c)» @nd f is type IIT with respect to Lebesgue measure. [

7. Hamachi measure for maps on the sphere

In this section we extend our construction to the Riemann sphere, CUoco = C.
Our example is motivated by a classical construction given by Lattés to construct
a rational map of the sphere whose Julia set is the whole sphere [22].

7.1 ANALYTIC TYPE III MAPS OF THE TORUS.  We begin by extending our
construction above to the torus T? = R2/Z? as follows. Let us first remark
that the angle doubling map Sz = 2x (mod 1) gives rise to a measure preserving
Bernoulli four-to-one map of T? by

5% 5(@0) = Qla) = |3 5] e) (mod 1)

With respect to two-dimensional Lebesgue measure on T2, denoted my, this is a
one-sided Bernoulli shift of entropy log4. We can identify T? with S x S and
put p, the Hamachi measure we constructed in Section 6, on one copy of S*. The
measure we now have on S' x S! is m x p, which we denote by 2. We have the
following result. We will write B, = B x B.

THEOREM 7.1: The map Q =S x S on (S* x S, By, u2) satisfies:
1. Q is a 4-to-1 map with respect to sy ;
2. @ is continuous, nonsingular, conservative, and ergodic with respect to o;
3. ug Is recurrent for Q;
4. @ admits no o-finite invariant measure absolutely continuous with respect
to uo.

Proof: 1t is clear that ) is a nonsingular, 4-to-1 continuous endomorphism on
T2. (It is enough to show there exists a partition P = {Py, Py, P2, P3} of T?
into 4 sets such that the restriction of Q to each set is one-to-one and onto with
respect to . The partition into four sets with endpoint coordinates 0, 1, and %
obviously works.) Since S is exact with respect to m, and since S is ergodic with
respect to y, it follows by (1] that Q is ergodic with respect to .
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Let w,, denote the Radon—Nikodym derivative of S with respect to m. Then
clearly wp, = 1. Let w, denote the Radon-Nikodym derivative of S with respect
to Hamachi measure. If w,,, = wy denotes the Radon-Nikodym derivative of @
with respect to mz, since w,, is @~ (B x B)-measurable, it follows that wo(z,y) =
w,(y) for every (z,y). The fact that @ is type III for my now follows exactly as
in [12]. |

The following corollary can be proven using the same methods as in the circle
case.

COROLLARY 7.1: On the d-dimensional torus, there exist maps f with one of
the following sets of properties:

1. f isatoral group endomorphism and f type III with respect to some ergodic

and conservative Borel measure.

2. f is type III ergodic and conservative with respect to Lebesgue measure,

and f is C! expanding.

Regarding Q as a map of R?/Z?, we note that Q(—(z,y)) = ~Q(z,y) for all
(z,y) € T?2. We now review some basic facts about the Weierstraf elliptic p
function in conjunction with a classical method of constructing analytic maps of
the sphere given by Lattes [22].

7.2 LATTES EXAMPLES ON THE SPHERE.  We consider the Weierstraf elliptic
function of the complex plane C; i.e., a meromorphic function on C which is
periodic with respect to a given lattice and is even. In our case we are primarily
interested in the lattice L = {m +in: m,n € Z}. We recall that

1 1 1
ple) =gz we;ﬁm [(z ~w)? wz}
satisfies the definition of an even elliptic function and can be regarded as a map
from the period parallelogram C/L which is homeomorphic to T?. Furthermore
p: T2 - 82 2 T?/z ~ —2 is a two-fold branched covering of the sphere by the
torus.

Using the identification z = z + iy = (z,y) € C, when no confusion arises, Q
defines a complex endomorphism on T? such that Q(—2) = —Q(z). We can pass
to the quotient space to obtain an analytic (rational) map of the sphere such
that po @ = Rop. In fact, using a classical “angle doubling” formuls for g, and
the fact that Q(z) = 2z (mod L), we obtain the following explicit formula for R
in this case: (22 4 1)2

R(z) = 4z(22 - 1)
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If we put Lebesgue measure mgy on the torus, then @), and hence R (using the
obvious factor measure) will be isomorphic to the one-sided Bernoulli shift of
entropy log 4. By varying the lattice and the integer in the original endomorphism
on C, we obtain the earliest examples known of rational maps of the sphere with
Julia set the whole sphere.

By varying the measure on T?, we obtain different factor measures on Cq, in
the obvious way; i.e., by using the measure oo p~! on the sphere if « is the
measure on the torus. The map p gives a 2-set partition (not unique) of T?
minus exactly 4 branch points with the property that the restriction of p to each
atom of the partition maps injectively onto the sphere minus 4 points. We will
fix from now on a choice of partition and call the 2 disjoint sets Ay and A;; they
can be chosen to be connected, but we will not use that here. We choose Ag to
be the union of 2 atoms from the partition P defined earlier for Q. We define
po = pla, and p1 = p|a,. Using this partition, any nonatomic Borel o-finite
measure p on C,, gives rise to a measure on the torus via the map p as follows.
For each set C' € By, define —C = {(—z,~y) (mod L): (z,y) € C}. Recall that
Q(~C) = —Q(C) and Q~1(=C) = ~[Q"1(O).

If C = p~!op(C), we call C a saturated set (under p). We can form the
saturation of any set B € By by B, = p~! o p(B) D B. It is clear that B, =
B U —B, where the union may or may not be disjoint.

LEMMA 7.1: Let p be any nonatomic, nonsingular Borel measure for R. Then
there exists an associated lifted measure ps on T? such that:

1. p2 is nonsingular for @;

2. if p is ergodic for R, then p, has at most 2 ergodic components with respect

to Q;
3. if p is (o-)finite, then so is p;
4. if p is invariant for R, then p, is invariant for Q.
Proof:  Given any C € By, we can write C = CoUC; UC}, , where Cy = CN Ay,
C1 = C N Ay, and Gy, = CN(branch points of ). Clearly the union is disjoint,
and any of these sets in the union could be empty. Define

p2(C) = 3p(po(Co)) + 2p(p1(Ch))
3P(p1(=Co)) + 3p(p1(C1))
30(90(Co)) + 3p(po(—C1)),

since p;(C;) = p;(—C;), 4,7 = 1,2, i # j. We remark that if C is a saturated
set, then pa(C) = p(pC), and for any measurable B, p(B,) = 0 if and only if
p2(B) = 0.

i

i
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To show 1, we suppose pa(C) = 0. By the above formulas, this implies that
p2(p~1p(C)) = p2(C.) = p(pC.) = 0. By nonsingularity, p(R~'p(C,)) = 0, and
it is easy to see that for any saturated sets C, € By, po Q7 'C, = R™! 0 pCs,
so it follows that po(Q71C,) = 0 = po(Q~'C). Similarly we can show that if
p2(Q71C) =0, p2(C) = 0 as well, by saturating @~ 'C.

We will now prove 2. We assume that p is ergodic for R and let B be a
positive measure @Q-invariant set in By. If B is saturated, then by the ergodicity
of p for R, we have that B has full p» measure. Furthermore, we can show
that B N —B, which is saturated, is also () invariant. Therefore it has full or
zero measure. Suppose then that p,(B N —B) = 0 (or we are done because if
not, then B is saturated hence has full measure). Then since the set BU —B is
invariant and saturated, we now have 2 disjoint sets, B and — B, each of positive
measure, disjoint, and invariant. Their union has full measure; this follows from
the ergodicity of R with respect to p and the fact that BU—B is saturated. Then
from the discussion it follows that p maps B injectively onto Co. From this it
follows that no smaller set can be invariant; i.e., the ergodic decomposition can
have at most 2 atoms in it, each of which completely covers the sphere. Therefore
there are at most two distinct ergodic components.

Part 3 of Lemma 7.1 follows easily. Finally we establish the invariance of py
for Q when R preserves p. Let 4 denote the o-algebra of Borel sets on the
sphere. If C is a saturated set in B, then pa(Q~1C) = p2(C) by the hypothesis
on R and the above discussion. So it is enough to check invariance for invariance
forCCAo(orA);assumeC CﬂAOE.A Then C N (-C) = @ and
@Q7'C)NQ™I(-C)=(Q™'O)n 'C) = 0. Then

—(Q~
p2(C) = 3p(poC) = 3p(pC) = 3p(R™ (poC)) = 3p(p(Q™'C)).
O,

Writing Q1C = (Q7!1C) U (Q~ this equals

3[p(po(Q@71C)o) + p(p1(Q7'C)1)] = p2(Q™'C).

This concludes the proof. |

7.3 TyPE III RATIONAL MAPS OF THE SPHERE. We construct the type
IIT map on T? as above, using the measure po, which is the product of one-
dimensional Lebesgue measure m with Hamachi measure . On the sphere we
use the natural factor measure defined by the factor map p; i.e., define v(A) =
pa(p~1(A)) for every Borel set A on S? 2 C,. It is clear that v is ergodic and
conservative for the factor map R defined above, so the following holds.
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THEOREM 7.2: There exists a Borel measure v on Cy, such that, with respect
to the rational map R(z) = (2% + 1)?/42(2? — 1):
1. v is supported on the Julia set of R (which is the whole sphere);
2. R is a 4-to-1 map with respect to v;
3. R is continuous, nonsingular, conservative, and ergodic with respect to v;
4. R admits no o-finite invariant measure absolutely continuous with respect
to v.

Proof: From the discussion above and Lemma 7.1, it is clear that we only need
to check 4. We suppose that R admits an invariant measure p ~ v, and that p
is o-finite. Then p is ergodic since v is, so we lift p to an invariant measure for
Q on T? as in the preceding lemma. We denote by po the lifted measure on T2,
and it has all the properties listed in Lemma 7.1. It remains to show that p; is
equivalent to ps which would contradict the hypothesis on us.

One can easily establish that uy < py since:

p2(C) = 0= p(po(Co)) + p(p1(C1)) + p(po(=C1)) + p(po(=C1)) =0
= p(pC) =0
= v(po(Co)) + v(p1(C1)) + v(po(—C1)) + v(po(—C1)) = 0
= pu2(C) = 0.

If the measure g, is ergodic for @, then we suppose there exists a measurable
set C such that pg(C) = 0 and po(C) > 0. We can generate an invariant set
for @ by C which then has full po measure by ergodicity of ps; its complement
will have py-, hence po-measure 0. It cannot happen that po gives measure 0 to
a set and its complement. Therefore we assume, using Lemma 7.1, that p, has
two ergodic components with respect to @; then we will write the measure as the
sum of two ergodics: p; = 305 + 2pl. We repeat the above argument on each
component separately; i.e., any set C such that p2(C) = 0 but po(C) > 0 must
lie completely in one ergodic component of p; (otherwise we repeat the above
argument verbatim). Therefore p2 ~ p3 say. The set C' generates an invariant
set of full p} measure whose complement has measure 0. Hence o gives both C
and its complement measure 0 and the contradiction establishes the result. |

Remarks: 1. The Lattes examples are constructed for any endomorphism of the
form Qz = r.z for any n > 2. In this way we can construct type III examples of
degree n?.

2. We can also vary the lattice used in the definition of the Weierstra§ elliptic

function to obtain different conformal equivalence classes of maps. The measure
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theoretic properties will remain the same however, as changing the lattice is a

measure theoretic isomorphism.

3.

Because of averaging that occurs in the Weierstrafl factor map, our method

does not immediately lead to a C! type III version of the example.
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